This paper presents a numerical method to construct transmitting boundaries for periodically supported railway tracks. This is realized by the derivation of impedance matrix for a half-infinite track. To achieve this, dynamic response of the infinite track corresponding to the half-infinite model is analyzed for a series of harmonic loading modes. The infinite problems are solved by virtue of Floquet transform. The developed method is applied to a periodically supported rail having a finite irregular zone subjected to harmonic loads. It is reduced to a dynamic problem of a finite track with the transmitting boundaries attached on both ends. Through comparison with the present method and a conventional way using a very long but finite railway model, the superiority over the truncated model is demonstrated.
Introduction
To understand the dynamic behavior of railway tracks is important from the viewpoint of vibration reduction and maintenance of tracks. For this purpose, various dynamic analyses have been attempted (1) . The majority of those numerical methods are applicable only for finite rails even if the mathematical model of track is given by an infinitely long structure. While the integral representation method with the Green's function (2) , (3) enables to describe the dynamic deflection of an infinite beam, discrete supports are to be allocated within a finite region. Therefore, for that formulation, it is essentially impossible to capture the infinity. In the case of dynamic analysis for tracks with damping, since waves reflected from the ends may decay and not reach an interesting range, the harm due to the truncation will be negligible. Thus, in practice, numerical methods with finite domain are applicable to quantitative simulation of track vibrations. On the other hand, the dynamic response of undamped system can also be helpful to understand the fundamental features of track vibrations. However, in this case waves reflected from the ends may propagate in the rail without any dissipation and the existence of truncated ends will affect the responses. Consequently, a finite model cannot be an approximation of infinite one.
In general, a railway track can be modeled as an infinite periodic structure in which the periodicity is characterized by sleepers. Dynamic behavior of periodic structures can be analyzed by virtue of the Floquet's theorem (4) . For example, wave propagation in an infinite rail supported by discrete sleepers was investigated by the aid of the theorem (5) . In that case the problem is reduced to the one in a unit cell representing the periodicity. Owing to this the discretization of only one unit cell is required in the analysis. However, the method is valid only for fully periodicity. If such irregularity as a rail joint exists in the structure, the theorem is no longer applicable. In spite of this, since the irregular zone can be a weak portion, it is important to assess the dynamic behavior precisely.
To cope with this difficulty, in this paper the derivation of transmitting boundaries is attempted for periodic railway structures. The construction of nonreflecting boundary is realized within the framework of the Floquet transform (6) . The infinite periodic structure including a hetero-region can then be analyzed by allocating the transmitting boundaries to both ends of the irregular zone. Therefore, the dynamic problem of an infinite railway track is reduced to the vibration analysis of a finite region. Through numerical examples, the efficiency of the method is demonstrated. 
Outline of the Method
Let us consider an infinitely long track consisted of a finite irregular zone Ω H , and halfinfinite periodic regions Ω L and Ω R lying on the left-and right-hand sides (Fig.1) . The interfaces of Ω L -Ω H and Ω R -Ω H are denoted by Γ L and Γ R , respectively. We assume that the system is given by an undamped structure and harmonic loads are acting only on Ω H .
The equation of motion of the substructure in Ω H is given by 
. {F L } and {F R } are defined by internal forces and thus unknowns. {F H } is given by prescribed external loads.
Suppose that, for both half-infinite tracks, we have relations between displacement {U} and force {F} on the boundaries of
where
impedance matrices on Γ L and Γ R , respectively. The equilibrium conditions on Γ L and Γ R are given by
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Fig. 2 Periodic track subjected to a harmonic load
Imposing the equilibrium conditions on Eqs. (1) and (2), the equation of motion of the infinite structure can then be obtained by
Notice that we can attain the dynamic response of the infinite system by solving the above matrix equation with finite DOF.
Derivation of Transmitting Boundary

Harmonic Loading of Periodic Structure
The dynamic analysis described in the preceding section is reduced to the development of the impedance matrices [Ǩ L ] and [Ǩ R ] by which the transmitting boundaries are realized. Transmitting boundaries for waves propagating parallel to layered media have been developed by Lysmer and Waas (7) , and are now widely utilized in various problems. A similar problem has first been discussed theoretically for a periodic structure by Brillouin (8) , and a numerical method has been proposed by Lie and Tanabe (9) . However, application of the latter method is restricted to a very simple structure with small DOF. In this study a new transmitting boundary which is applicable to any periodic structures is proposed within the framework of finite element analysis. In order to derive [Ǩ L ] and [Ǩ R ], we consider an infinite structure having the same periodicity as Ω L or Ω R . The structure is subjected to a harmonic load acting on the node corresponding to Γ L or Γ R as shown in Fig.2 . The nodal displacement and stress (internal forces) vectors at the loading point are designated by {U i } and {F i }, where the subscript 'i' stands for the ith loading mode. The stresses are to be evaluated in the left side element of the loading node for derivation of [Ǩ L ], while the stresses in the right side element are to be considered for [Ǩ R ]. Assembling vectors {U i } and {F i } for all modes, we can obtain square matrices [Ǔ] and [F] defined as
where N is the number of loading modes, and these modes are independent of each other. For Bernoulli-Euler beam model two independent modes (N=2) can be given by a vertical force and a moment. From Eq.(5) the impedance matrices are implicitly defined by 
[
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Floquet Transform
From Eqs. (5) and (7), the construction of the impedance matrices [Ǩ L ] and [Ǩ R ] is reduced to the calculation of {U i } and {F i } for the periodic structures. To achieve this, the dynamic response for harmonic loading is analyzed by means of the Floquet analysis. In the following, the outline of the Floquet transform (6) is described.
Let us consider a function f (x) of x ∈ R. The Floquet transformf with a size L is given byf
Consider a dynamic problem given by the following equation of motion
where L is an operator associated with the present dynamic problem, u(x) is the displacement and f (x) is the external force. Suppose that the structure has the periodicity of L, while u(x) and f (x) are nonperiodic functions. From Eq.(8) the floquet transform of Eq.(11) is described by
Due to the periodicity of the structure, L satisfies the relation
Therefore Eq.(12) can be rewritten as
The Floquet transformũ can be obtained by solving the dynamic problem of Eq.(14) for a unit cell characterized by L under the periodicity of Eq.(9). The displacement u(x) in the infinite region is reproduced by the inverse Floquet transform :
where x =x + nL. The analysis procedure mentioned above enables us to obtain the response of the periodic structure shown in Fig.2 by solving dynamic problems of the unit cell for each Floquet wavenumber κ and performing the inverse Floquet transform. We can then extract {U i } and {F i } from the solution.
Floquet Analysis of Track Model
The unit cell of the periodic track is given by a substructure as shown in Fig.3 . For the Floquet transform the equation of motion of the unit cell is given by 
The loading mode stated in 3.1 is given by a delta function. Since the Floquet transform of delta function is given by the delta function, the force vector {F m } in Eq. (18) is identical with the original loading mode. Solution of Eq.(18) gives the Floquet transform {Ũ i } for the ith loading mode.
Implementation of Inverse Floquet Transform
Once the Floquet transform is obtained, we can reproduce the response of the infinite structure by way of the inverse Floquet transform. That given by Eq.(15) is achieved through an integration with respect to the Floquet wavenumber κ. Since the integrandũ is to be obtained by solving the finite element equation corresponding to Eq.(18), the integration in Eq.(15) should be calculated numerically. When the structure possesses some damping, the finite element equation has no singularity. Therefore the numerical integration can be achieved without any difficulty. In contrast to this, the matrix equation may have singularities for no damping systems. If the frequency lies in a band in which propagating wave modes are existing, the integration must encounter the singularity. Moreover, its singularity is strong, i.e., the integration should be interpreted in the context of Cauchy's integral theorem.
To achieve this, the integral domain of κ is extended to the complex plane. Then the dissipation is introduced in the structure by replacing the stiffness E to a complex one (1+iα)E. Here α is a positive real number. The inverse Floquet transform is re-defined as
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whereũ(x, κ; α) is displacement with a complex stiffness. For α > 0, the singular point is offset from the real axis. In order to attain the same result as Eq.(19), the path of integration for α = 0 is chosen as shown in Fig.4 based on the location of the singular point for α > 0. When the singular point is shifted to the lower half-plane (ε < 0) due to the introduction of positive damping, a semicircular path C ρ of radius ρ is inserted in the upper half-plane as illustrated in Fig.4 . The sign of ε at each singular point is decided based on the slope of dispersion curves in κ − ω space as deduced in Ref. (10) . Namely, ε < 0 for ascending slope, while ε > 0 for descending slope. The numerical integration by Gaussian quadrature is performed on each interval divided by C ρ . The larger the radius ρ, the better the accuracy of integration, because of the reduction of near singularity. On the other hand, in order to exclude poles from the semicircular domain bounded by C ρ , ρ should be small enough. In the following analyses ρ is set to π/20L.
Numerical Examples
Harmonic Loading of Periodic Railway Track
To verify the feasibility of the developed method, a periodic railway track subjected to a harmonic load is analyzed. The analytical conditions are shown in Fig.5 . Since the structure has fully periodicity of L=0.6m, the dynamic response can be obtained directly through the Since the periodicity is characterized by the sleeper space, a unit cell is set as shown in Fig.3 . The rail in the unit cell is divided into 16 beam elements, and then the Floquet analysis is performed. Once the transmitting boundaries are constructed, those are attached on both ends of a truncated model. In this analysis the finite track of 2L is employed (Fig.5) . Under this condition, a unit harmonic load acting on the mid-span is considered. Real part of deflection at the loading point is shown in Fig.6 . In the figure the response given by the direct analysis with the Floquet transform is also shown. Validity of the proposed method can be evidenced by good agreement between the present method and the direct analysis.
The dispersion curves of wave propagation modes (5) in the present track model are given in Fig.7 . A frequency range in which a dispersion curve is lying is called pass band. From the figure, it can be understood that the resonance in Fig.6 is corresponding to the standing wave modes at the lower ends of pass bands. The standing wave at frequency of about 200Hz has a node at the loading point. Therefore, the response for this mode is vanished as in Fig.6 . Responses given by a conventional finite element analysis with finite track model of 4 and 30 spans are shown in Figs.8 and 9 . In contrast with the response in Fig.6 , many resonance frequencies are observed. This anomaly claims that finite track models cannot capture the dynamic modes of infinite rail. From these figures it can also be found that the longer the finite rail, the more complexity the response has.
Infinite Rail with a Rail Joint
A jointed infinite rail is considered as shown in Fig.10 . A couple of harmonic forces
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Vol.3, No.1, 2010 given by P(t) = e iωt are acting on the rail ends at the rail joint. Material properties in the model are listed in Table 1 . The finite region of the track including the fishplate and three sleepers is discretized. The transmitting boundaries are attached on the both of truncated ends. The real part of deflection at the rail joint is shown in Fig.11 at frequencies lower than 500Hz. In the figure the response of an infinite track having identical periodicity with the half-infinite track on both sides is also shown. It is found that two resonance frequencies take place at 160Hz and 230Hz due to the introduction of the rail joint.
The same problem is analyzed by a finite model truncated with 30 spans. The result is shown in Fig.12 . The values and the number of resonance frequencies are completely different from those in Fig.11 . From the figure, we can see that the increase of the number of spans cannot improve the approximation, and the consideration of infinity is essential to understand fundamental properties.
Conclusion
In this paper a transmitting boundary was developed for periodic railway tracks. The derivation of that impedance matrix was accomplished by the aid of the Floquet transform. The method makes it possible to analyze an infinite track having an irregular zone by attaching the transmitting boundaries on both ends of the finite region. The proposed approach was applied to dynamic response analyses of railway tracks. It is found that the present method can precisely represent the infinity in periodic tracks. On the other hand, the conventional model with finite region cannot capture the dynamic characteristics of undamped infinite system. From these results it is revealed that the consideration of the periodical infinity is necessary to extract fundamental properties in track vibrations, and the proposed method can be a useful tool for this purpose. Although, in this study, the loading portion is restricted to the inside of the irregular zone, this condition can be eased within the framework of the proposed approach.
